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SolitonsAbstract The alternative ðG0=GÞ-expansion method has been further modiﬁed by introducing the
generalized Riccati equation to construct new exact solutions. In order to illustrate the novelty and
advantages of this approach, the general Sawada–Kotera (GSK) equation is considered and abun-
dant new exact traveling wave solutions are obtained in a uniform way. These solutions may be
imperative and signiﬁcant for the explanation of some practical physical phenomena. It is shown
that the modiﬁed alternative ðG0=GÞ-expansion method is an efﬁcient and advance mathematical
tool for solving nonlinear partial differential equations in mathematical physics.
MATHEMATICS SUBJECT CLASSIFICATION: C02; C30; C32
ª 2015 Production and hosting by Elsevier B.V. on behalf of Egyptian Mathematical Society.1. Introduction
The rapid development of nonlinear sciences witnesses a wide
range of reliable and efﬁcient techniques (see for example [1–
43]) which are of great help in tackling physical problems even
of highly complex nature. After the observation of soliton
phenomena by John Scott Russell in 1834 [1,25] and since
the KdV equation was solved by Gardner et al. [2] by inverse
scattering method, ﬁnding exact solutions of nonlinear evolu-
tion equations (NLEEs) has turned out to be one of the most
exciting and particularly active areas of research. The appear-
ance of solitary wave solutions in nature is quite common.
Bell-shaped sech-solutions and kink-shaped tanh-solutionsmodel wave phenomena in elastic media, plasmas, solid state
physics, condensed matter physics, electrical circuits, optical
ﬁbers, chemical kinematics, ﬂuids, bio-genetics, etc. The travel-
ing wave solutions of the KdV equation and the Boussinesq
equation which describe water waves are well-known exam-
ples. Apart from their physical relevance, the closed-form solu-
tions of NLEEs if available facilitate the numerical solvers in
comparison, and aids in the stability analysis. In soliton the-
ory, there are several techniques to deal with the problems of
solitary wave solutions for NLEEs, such as, Hirota’s bilinear
transformation [3], Backlund transformation [4], improved
homotopy perturbation [5], Darboux transformation [6],
Tanh-function [7], homogeneous balance [8], Jacobi elliptic
function [9,10], F-expansion [11] and Exp-function [12–15].
Recently, Wang et al. [16] established a widely used direct
and concise method called the ðG0=GÞ-expansion method for
obtaining the exact travelling wave solutions of NLEEs, where
GðnÞ satisﬁes the second order linear ordinary differential
equation (ODE) G00 þ kG0 þ lG ¼ 0, where k and l are arbitrary
constants. Applications of the ðG0=GÞ-expansion method can be
found in the articles [17–26] for better understanding.
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ðG0=GÞ-expansion method and to expand the possibility of its
application, further research has been carried out by several
researchers. For instance, Zhang et al. [27] presented an
improved ðG0=GÞ-expansion method to seek more general trav-
eling wave solutions. Zayed [28] presented a new approach of
the ðG0=GÞ-expansion method where GðnÞ satisﬁes the Jacobi
elliptic equation ½G0ðnÞ2 ¼ e2G4ðnÞ þ e1G2ðnÞ þ e0; e2; e1; e0 are
arbitrary constants, and obtained new exact solutions. Zayed
[29] again presented an alternative approach of this method in
which GðnÞ satisﬁes the Riccatiequation G0ðnÞ ¼ Aþ BG2ðnÞ,
where A and B are arbitrary constants. Still, substantial work
has to be done in order for the ðG0=GÞ-expansion method to
be well established, since every nonlinear equation has its own
physically signiﬁcant rich structure. For ﬁnding the new exact
solutions of NLEEs, it is important to present various method
and ansatz, but it seems to be more important how to obtain
more new exact solutions to NLEEs under the known method
and ansatz. In the present article, we further modify the alterna-
tive ðG0=GÞ-expansion method (presented by Zayed [29]) by
introducing the generalized Riccati equation mapping, its
twenty seven solutions and constructed abundant new traveling
wave solutions of the general Sawada– Kotera equation which
is a special case of the ﬁfth-order KdV equation (fKdV)
ut þ uxxxxx þ cuuxxx þ buxuxx þ au2ux ¼ 0; ð1:1Þ
where a; b and c are arbitrary nonzero and real parameters,
and u ¼ uðx; tÞ is a differentiable function. The fKdV Eq.
(1.1) is an important mathematical model with wide applica-
tions in quantum mechanics and nonlinear optics, furthermore
describes motions of long waves in shallow water under gravity
and in a one-dimensional nonlinear lattice. The general SK
equation is characterized by the values
b ¼ c; a ¼ 1
5
c2: ð1:2Þ
With (1.2), (1.1) reduces to general SK equation:
ut þ uxxxxx þ cuuxxx þ cuxuxx þ 1
5
c2u2ux ¼ 0: ð1:3Þ
The article is arranged as follows: In Section 2, the modiﬁed
alternative ðG0=GÞ-expansion method is discussed. In Section 3,
we apply this method to the nonlinear ﬁfth-order KdV equa-
tion (fKdV) pointed out above; in Section 4, graphical repre-
sentation and in Section 5 conclusions are given.
2. Methodology
Consider the general nonlinear PDE of the type
Pðu; ut; ux; utt; uxx; uxt; . . .Þ ¼ 0; ð2:1Þ
where u ¼ uðx; tÞ is an unknown function, P is a polynomial in
uðx; tÞ and its partial derivatives in which the highest order
partial derivatives and the nonlinear terms are involved. The
main steps of the modiﬁed alternative ðG0=GÞ-expansion
method combined with the generalized Riccati equation map-
ping are as follows:
Step 1: The travelling wave variable ansatz
uðx; tÞ ¼ uðnÞ; n ¼ x Vt; ð2:2Þ
where V is the speed of the traveling wave, permits us to trans-
form Eq. (2.1) into an ODE:
Qðu; u0; u00; u000; . . .Þ ¼ 0; ð2:3Þwhere the superscripts stands for the ordinary derivatives with
respect to n.
Step 2: If possible, integrate Eq. (2.3) term by term one
or more times. This yields constant(s) of
integration.
Step 3: Suppose the traveling wave solution of Eq. (2.3)










where G ¼ GðnÞ satisﬁes the generalized Riccati equation,
G0 ¼ rþ pGþ qG2; ð2:5Þ
where an ðn ¼ 0; 1; 2; . . . ;mÞ; r; p and q are arbitrary con-
stants to be determined later. The generalized Riccati Eq.
(2.5) has twenty seven solutions [41] as follows:
Family 1. When p2  4qr < 0 and pq–0 ðor rq–0Þ, the solu-

















































































































































where A and B are two non-zero real constants and satisfy the























































ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð4qr p2Þp sin ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4qr p2p n þ pcos ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4qr p2p n  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð4qr p2Þp ;
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2rsin
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ











































 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð4qr p2Þp :Family 2. When p2  4qr > 0 and pq–0 ðor rq–0Þ, the solu-
tions of Eq. (2.5) are,



































































































































where A and B are two non-zero real constants and satisfy the













p24qrp n pcosh 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ













































































































coFamily 3. When r ¼ 0 and pq–0, the solutions of Eq. (2.5)
are,G25 ¼ pd
q½dþ coshðpnÞ  sinhðpnÞ ;
G26 ¼  p½coshðpnÞ þ sinhðpnÞ
q½dþ coshðpnÞ þ sinhðpnÞ ;
where d is an arbitrary constant.
Family 4. When q–0 and r ¼ p ¼ 0, the solution of Eq. (2.5) is,
G27 ¼  1
qnþ c1 ;
where c1 is an arbitrary constant.
Step 4: To determine the positive integer m, substitute
Eq. (2.4) along with Eq. (2.5) into Eq. (2.3)
and then consider homogeneous balance
between the highest order derivatives and the
nonlinear terms appearing in Eq. (2.3).
Step 5: SubstitutingEq. (2.4) alongwithEq. (2.5) intoEq.
(2.3) together with the value ofm obtained in step
4, we obtain polynomials in Gi and Gi ði ¼ 0; 1;
2; 3; . . .Þ and vanishing each coefﬁcient of the
resulted polynomial to zero, yields a set of alge-
braic equations for an; r; p; q and V .
Step 6: Suppose the value of the constants
an; r; p; q and V can be determined by solving
the set of algebraic equations obtained in step 4.
Since the general solutions of Eq. (2.5) are
known, substituting an; r; p; q and V into Eq.
(2.4), we obtain new exact traveling wave solu-
tions of the nonlinear evolution Eq. (2.1).
3. Some new traveling wave solutions of GSK equation
In this section, the modiﬁed alternative ðG0=GÞ-expansion
method is employed to construct some new traveling wave
solutions of the general Sawada–Kotera (GSK) equation
which is a very important nonlinear ﬁfth-order KdV equation
(fKdV) in mathematical physics and engineering. Let us con-
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5
c2u2ux ¼ 0: ð3:1Þ
Now, we use the wave transformation Eq. (2.2) into Eq. (3.1),
which yield:
Vu0 þ uðvÞ þ cuu000 þ cu0u00 þ 1
5
c2u2u0 ¼ 0: ð3:2Þ
Integrating Eq. (3.2) with respect to n, we get
C Vuþ uðivÞ þ cuu00 þ 1
15
c2u3 ¼ 0: ð3:3Þ
According to step 4, the solution of Eq. (3.3) can be expressed
by a polynomial in ðG0=GÞ as follows:













where ai; ði ¼ 0; 1; 2; . . . ;mÞ all are constants to be determined
and G ¼ GðnÞ satisﬁes the generalized Riccati Eq. (2.5). Con-
sidering the homogeneous balance between the highest order
derivatives and the nonlinear terms in Eq. (3.3), we obtain
m ¼ 2.
Therefore, solution of Eq. (3.4) takes the form









By means of Eqs. (2.5), (3.5) can be rewritten as,
uðnÞ ¼ a0 þ a1ðpþ rG1 þ qGÞ þ a2ðpþ rG1 þ qGÞ2: ð3:6Þ
Substituting Eq. (3.6) into Eq. (3.3), the left hand side of this
equation is converted into polynomials in
Gi and Gi ði ¼ 0; 1; 2; 3; . . .Þ. Setting each coefﬁcient of these
polynomials to zero, we obtain a set of simultaneous algebraic


















Solving the over-determined set of algebraic equations by
using the symbolic computation software, such as, Maple,









cos 2Dnð Þ  Bsin
n










cos 2Dnð Þ  Bsin 2Dnð Þ
n
A2cos2 2Dnð Þ  A2  B2  2ABsin 2Dnð Þ	 












cos 2Dnð Þ þ Bsin
n










cos 2Dnð Þ þ Bsin 2Dnð Þ
n
A2cos2 2Dnð Þ  A2  B2  2ABsin 2Dnð Þ	 
 pAsin 2Dnð Þn
0
@a0 ¼  5ðp
2  4qrÞ
c




V ¼ p4  8p2qrþ 16q2r2;
C ¼ 10
3
p6  12p4qrþ 48p2q2r2  64q3r3
c
; ð3:7Þ
where p; q and r are arbitrary constants.Now on the basis of
the solutions of Eq. (2.5), we obtain some new types of solu-
tions of Eq. (3.1).
Family 1. When p2  4qr < 0 and pq–0 ðor rq–0Þ, the peri-









































4D2secð2DnÞ 1 sin 2Dnð Þð Þ




4D2sec 2Dnð Þð1 sinð2DnÞÞ








4D2csc 2Dnð Þ 1 cos 2Dnð Þð Þ




4D2csc 2Dnð Þð1 cosð2DnÞÞ
















;2Dnð Þ  A
o
Asin 2Dnð Þ þ Bf g
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2D2sec Dnð Þ pcos Dnð Þþ2Dsin Dnð Þf g




2D2sec Dnð Þ pcosðDnÞþ2DsinðDnÞf g








2D2csc Dnð Þ psin Dnð Þ2Dcos Dnð Þf g




2D2csc Dnð Þ psin Dnð Þ2DcosðDnÞf g








2D2sec 2Dnð Þ 1 sin 2Dnð Þf g pcos 2Dnð Þþ2Dsin 2Dnð Þ2Df g




2D2sec 2Dnð Þ 1 sinð2DnÞf g pcosð2DnÞþ2Dsinð2DnÞ2Df g








2D2csc 2Dnð Þ psin 2Dnð Þþ2Dcos 2Dnð Þ2Df g




2D2csc 2Dnð Þ psinð2DnÞþ2Dcosð2DnÞ2Df g
2qrp2ð Þcos 2Dnð Þ2pDsinð2DnÞ2qr
 2
;u18 ¼  30pc



































u19 ¼  30pc







































2D2csc Dnð Þ psin Dnð Þ2Dcos Dnð Þf g




2D2csc Dnð Þ psin Dnð Þ2Dcos Dnð Þf g
2 p22qrð Þcos2 2Dnð Þþ4pDsin Dnð Þcos Dnð Þp2
 2
:
Family 2. When p2  4qr > 0 and pq–0 ðor rq–0Þ, the soli-








































4X2sech 2Xnð Þ 1 isinh 2Xnð Þð Þ




4X2sech 2Xnð Þð1 isinhð2XnÞÞ
pcoshð2XnÞ þ 2Xsinhð2XnÞ  i2X
 2
;





4X2csch 2Xnð Þ 1 cosh 2Xnð Þð Þ




4X2csch 2Xnð Þð1 coshð2XnÞÞ









2 cosh2 Xn=2ð Þ1	 





2 cosh2 Xn=2ð Þ1	 
 pþX tanhðXn=2Þþ cothðXn=2Þð Þf g
 !2
;where A and B are two non-zero real constants and satisfy the
condition B2  A2 > 0.




























Fig. 1 Soliton corresponding to solution u1 for p ¼ q ¼ 2, r ¼ 3
and c ¼ 5.
Fig. 2 Soliton corresponding to solution u5 for p ¼ q ¼ 1, r ¼ 2
and c ¼ 5.
Fig. 3 Soliton corresponding to solution u13 for p ¼ 3; q ¼ 2,
r ¼ 1 and c ¼ 5.
Fig. 4 Soliton corresponding to solution u21 for p ¼ 3; q ¼ 2,
r ¼ 1 and c ¼ 5.
Fig. 5 Soliton corresponding to solution u27 for p ¼ 0; q ¼ 1,
r ¼ 0; c ¼ 5 and c1 ¼ 1.





4X2sech 2Xnð Þ 1 isinh 2Xnð Þf g




4X2sech 2Xnð Þ 1 isinh 2Xnð Þf g
pcosh 2Xnð Þ  2Xsinh 2Xnð Þ  i2X
 2





4X2csch 2Xnð Þ 1 cosh 2Xnð Þf g




4X2csch 2Xnð Þ 1 coshð2XnÞf g
2Xcoshð2XnÞ  psinh 2Xnð Þ  2X
 2
;











2XcoshðXnÞ  psinh Xnð Þ
 2
:
Family 3. When r ¼ 0 and pq–0, the solutions of Eq. (3.1)
are,





p cosh pnð Þ  sinh pnð Þð Þ




p cosh pnð Þ  sinh pnð Þð Þ
dþ cosh pnð Þ  sinh pnð Þ
 2
;











dþ cosh pnð Þ þ sinh pnð Þ
 2
:
422 F. Saba et al.Family 4. When q–0 and r ¼ p ¼ 0, the solution of Eq. (3.1)
is,














where c1 is an arbitrary constant.4. Graphical presentation
Graph is a powerful tool for communication and describes
lucidly the solutions of the problems. Therefore, some
graphs of the solutions are given below. The graphs readily
have shown the solitary wave form of the solutions (see
Figs. 1–5).
5. Conclusion
Alternative ðG0=GÞ-expansion method has been modiﬁed by
introducing the generalized Riccati equation mapping and
abundant exact traveling wave solutions of the general Saw-
ada–Kotera equation with the help of symbolic computation
are obtained. It is important to point out that the obtained
solutions have not been reported in the previous literature.
The new type of traveling wave solutions found in this article
might have signiﬁcant impact on future research. We assured
the correctness of our solutions by putting them back into
the original Eq. (3.1). This article is only an imploring work
and we look forward the modiﬁed alternative ðG0=GÞ-expan-
sion method may be applicable to other kinds of NLEEs in
mathematical physics.Acknowledgment
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